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Abstract 

Conformal multiplets of and recombine at the Wilson-Fisher fixed point, 
as a consequence of the equations of motion. Using this fact and other constraints 
from conformal symmetry, we reproduce the lowest nontrivial order results for the 
anomalous dimensions of operators, without any input from perturbation theory. 
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1 Introduction 

The conformal bootstrap—using conformal symmetry to constrain the dynamics of various 
physically interesting critical theories—is an old idea [1-3] which in the last few years has 
been shown to be much more powerful than previously thought [4-11]. A flagship result of 
this line of research is the world’s most precise determination of the operator dimensions in 
the critical 3d Ising model [12].^ Many other conformal theories, such as the 0{N) model 
[21, 22], models with supersymmetry in various dimensions [23-32], as well as other less 
familiar or conjectural conformal theories [33-39] are being studied. In the hectic excitement 
of exploring a new research held, much of the recent development has been numerical.^ It 
is a signihcant open problem to explain analytically the unreasonable effectiveness of the 
numerical bootstrap. 

An analytic conformal bootstrap attack on the 3d Ising model looks difficult, since one 
has to deal with a totally isolated conformal held theory (CFT). The d = 4 — e case might 
be an easier target. Indeed, in the limit e —)■ 0 the CFT should become close to the free 
theory. One can then hope to hnd a solution of the bootstrap equations as a power series 
in e. 

The critical interacting scalar theory in 4 — e dimensions is known as the Wilson-Fisher 
(WF) hxed point [74], It is normally studied using the standard diagrammatic perturbation 
theory and the renormalization group. This method also yields an expansion of observables, 
e.g. the anomalous dimensions of local operators, as power series in e, called “e-expansion” 
series. An interesting open question is whether conformal bootstrap can reproduce these 

^See [13-17] for prior work and [18-20] for closely related results by another technique. 

^Nevertheless, there have been notable analytic results for the large N [40-42], large A [43, 44], large 
I [45-51], or SUSY [52, 53] cases. There is also a growing literature on the analytic expressions for the 
conformal correlation functions and conformal blocks, which is indispensable for the practical conformal 
bootstrap computations [54-73]. 
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series and perhaps even extend them to a higher order. ^ 

The pnrpose of this note is to report some progress on the last qnestion. Using CFT 
methods, we will be able to reprodnce the leading 0(e) terms in the anomalons dimension of 
an inhnite series of operators. For the lowest dimension scalar operator (p we will reprodnce 
both 0(e) and O(e^) terms. This may seem not mnch, given that the pertnrbative e- 
expansion series are known in some cases as far as e^ [76] or even e® [77]. However, we 
believe that onr discnssion will lay the basis for any fntnre extension to higher orders. Also, 
the modesty of the resnlt is compensated by the relative simplicity of the derivation. 

The paper is organized as follows. In section 2 we review the main strnctnral properties 
of the WF hxed point. These properties are arrived at from the pertnrbative perspective, 
bnt we then formalize them in a series of “axioms” abont CFT operators. The actnal 
compntation of operator dimensions, in section 3, proceeds from the axioms withont reconrse 
to the standard pertnrbation theory nor in fact to the Lagrangian. In section 4 we extend 
onr compntation is several directions, in particnlar generalizing to the 0(N) model. In 
section 6 we discuss open problems. Some technical details are relegated to appendix A. 


2 Axioms 


To set the notation, consider the massless theory in d = 4 — e dimensions (see e.g. [78]): 




d‘^x 




( 2 . 1 ) 


We will be interested in the IR fixed point of this theory, called the WF fixed point. It 
corresponds to the nontrivial zero of the /3-function: 

/^(d) = ~^g + (2-2) 

which occurs for 

9 = 9*= 2 e -I- 0(e ). (2.3) 

Using the standard Feynman diagram perturbation theory, correlation functions of the 
theory can be expanded in the coupling constant. Renormalization group can then be used 
to reach the WF hxed point in the IR. All properties of the WF hxed point, such as the 
anomalous dimensions of local operators, are thus computable as series in e. 

Here, we will focus on the operators of the form ip"-. As is well known, the anomalous 
dimension of (p arises hrst at two loops and is given by 

7. = ^ + 0(a, (2.4) 

^Numerically, conformal bootstrap equations in fractional dimensions were studied in [75], matching the 
e-expansion series. 
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(2.5) 


while the higher powers of (p acquire anomalous dimensions already at one loop:^ 

= ^n{n-l)e + 0{e^), n>l. 

As a matter of fact, the anomalous dimensions of (p, 93 ^ and 93 ^ are known up to [76], but 
we will not need those expressions here. 

Our main result will be to present an alternative method of computing the anomalous 
dimensions of (p^. Instead of the diagrammatic perturbation theory, our method will be 
based on conformal held theory. By this method, we will be able to reproduce Eqs. (2.4),(2.5) 
to the shown order. 

We will formalize our method by stating a series of three axioms. The axioms themselves 
can be motivated and justihed from perturbation theory. However, once the axioms are 
agreed upon, the computations will be done by CFT techniques, without further recourse 
to the Lagrangian. 

Axiom I The WF fixed point is conformally invariant. 

This can be proven to all orders in perturbation theory by considering the Ward identities 
of the renormalized stress tensor operator.® 

Axiom II Correlation functions of operators at the WF fixed point approach free theory 
correlators in the limit e —)■ 0. 

This is pretty self-evident, since the hxed point coupling = 0(e). A more concrete 
formulation of the same axiom is as follows: 

Axiom II' For every local operator Ofree the free theory in d = 4, there exists a local 
operator at the WF fixed point, Owf? which tends to Ofree the limit e —)■ 0.' 

limOwF = Ofree • (2-6) 

e ->0 

The limit is understood in the sense of correlators, i.e. 

lim (Owf(Xi)Owf(^2) • • ■)d=A-e = {0free{Xl)0'f,.^fix2) ■ ■ .)d=A ■ (2.7) 

e^O 

In particular, the scaling dimensions of WF operators must approach the free dimensions 
as e —)■ 0:® 

lim [Owf] = [Ofree] • (2.8) 

In agreement with what perturbation theory suggests, we will assume that scaling dimen¬ 
sions have a power series expansion in integer powers in e. In this paper we will consider 
these expansions as formal and will not be concerned with their convergence properties. It 
is in fact well known that the e-expansion series are not convergent but merely asymptotic 

“^This result is usually given for n = 1, 2,4, but generalization to arbitrary n is truly straightforward. 
^Conformal invariance follows from Eq. (4.16) in [79] by specializing to = 0 and going to the IR 
where the /3-function vanishes. 

® Scaling dimensions of operators will be denoted by [O] or Aq. 
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[80]. Moreover, the range of e where the lowest-order result (2.5) can be trusted presumably 
becomes smaller and smaller for larger n, due to the growth of the coefficient. This feature 
of the the e-expansion is also well known [81], and we have nothing to add here. 

Axioms I,II by themselves would not be sufficient to constrain the WF hxed point. This 
is because correlators of the free scalar theory in d = 4 — e provide a trivial solution to both 
axioms. We need another axiom to distinguish the WF hxed point from the free theory. 
This axiom can be inferred from the following reasoning. In the free theory all powers 
are independent local operators, with no derivative relations among them. From the CFT 
point of view, all these operators are what are called primaries. This is not so at the WF 
hxed point, where we have one nontrivial relation (□ = d‘^)\ 

• (2.9) 

This is nothing but the classical equation of motion, and it survives in the quantum 
theory for renormalized operators. Consequently, at the WF hxed point, the is not 
an independent operator, but is a derivative of p. In CFT, such operators are called 
descendants., and their properties are completely hxed in terms of those of a primary. In 
particular, the total dimension (classical plus anomalous) of p^ is predicted to be two plus 
that of p-. 

A^3 = A^ + 2 (WF). (2.10) 

This relation has to hold to all orders in e, and it can be verihed to 0(e) using Eqs. (2.4),(2.5). 

Once p^ is recognized as a descendant of p, its descendants also become descendants of 
p. A primary operator together with all its descendants constitute a conformal multiplet. 
We thus observe the phenomenon of multiplet recombination—two distinct multiplets in 
the free theory—those of p and p ^—^join and become a single conformal multiplet of p at 
the WF hxed point: 

~ {V^lfree T {jp }free • (2-11) 

Here, {...} denotes a conformal multiplet, and ~ means that the number of states at each 
level is conserved in the process of recombination, up to small anomalous dimensions. 

Another way to see the need for multiplet recombination is as follows. The free scalar 
held satishes the equation □(pfree = 0, which acts as a shortening condition for the multiplet 
{(pjfree, Setting many descendants to zero. There is no such shortening condition for the 
multiplet {(^}wF, which thus contains more states that {(pjfree- These new states must come 
from some other multiplet. One can see that {(p^jfree contains the right number of states 
with the right dimensions to supply the diherence." Moreover, the free theory contains no 
other candidate multiplet able to fulhl this role. The recombination pattern in Eq. (2.11) 
is thus mandatory already from the point of view of counting states. 

The just described phenomenon of multiplet recombination can be viewed as a sort of 
CFT analogue of the familiar Higgs mechanism from particle physics. Just as a massless 
vector boson can acquire mass only by “eating” a scalar Goldstone particle, which provides 

^This can be also seen from the character formulas for the corresponding representations of the conformal 
group [82]. 
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a necessary extra state, so a short conformal multiplet can become long only by eating 
another multiplet. 

Notice that ip and are the only free scalar primaries whose multiplets recombine.® 
The multiplets of ip^ and of (p” {n ^ 4) are already long in the free theory, and they remain 
long in the interacting theory. 

From now on, we will adhere to a stricter notation for operators. The notation ip^ will 
be used to denote exclusively the free theory operators, while the WF operators will 

be denoted by Vn- Operators Vn and ip'^ are related in the sense of Axiom IF: 

\imVn = p^. ( 2 . 12 ) 

e-S>0 

Our last axiom summarizes the above discussion about the nature of the operators Vn- It 
will allow us to distinguish the WF hxed point from the free theory in 4 — e dimensions. 

Axiom III Operators Vn, n 7^ 3, are primaries. Operator V 3 is not a primary but is 
proportional to OVi: 

□ Fi=al/ 3 . (2.13) 

The proportionality coefficient a = a{e) should be considered as an unknown at this stage. 
It would be contrary to our philosophy to £x it using the equation of motion (2.9). Our logic 
is that perturbation theory should be used to infer only robust, structural properties, like 
the fact that multiplets recombine. The actual computations should be done using CFT. 
Below we will be able to determine a by imposing Eq. (2.12). 


3 Computation 


As already said, we will be interested in the dimensions of the operators Vn, which can be 
written as 

A„ = n(5 + 7 „. (3.1) 

Here 5 = 1 — e/2 is the free scalar dimension in 4 — e dimensions, and 7 „ is the anomalous 
dimension, which can be expanded in e: 

bn Vn,!^ T |/n,2*^ T . . . (3.2) 

As mentioned above, we will assume that only integer powers of e occur in this expansion. 
Perturbation theory results in Eqs.(2.4),(2.5) are equivalently stated as: 

yn,i = ^n{n-l) (n = l,2,...), j/i ,2 = 1/108. (3.3) 

® As will be discussed in section 6, recombination also happens for the multiplets of conserved currents of 
spins I > 2. In holographic theories, the Higgs mechanism analogy becomes literal for this recombination, 
as it is described via the usual Higgs mechanism in the bulk, see e.g. [83]. We are grateful to Leonardo 
Rastelli for emphasizing the last point to us. 


6 



In this section, we will show that these same results can be derived from the axioms using 
CFT reasoning. 

The key idea is to consider correlators involving operators Vn and Vn+i- 


(V;(a;i)V;+i(a: 2 )...), (3.4) 

where ... stands for some other operator insertions. In the limit e —)■ 0 these correlators 
should approach 

(V>"(X,V“+‘(X2)...>. (3.5) 

These correlators will turn out to be useful because of their sensitivity to the multiplet 
recombination phenomenon. In the free theory the operator product expansion (OPE) 
(^n ^ (^”-+1 contains both operators ip and with coefficients independently computable by 
counting Wick contractions. On the other hand, in the interacting theory the OPE Vn x W+i 
contains only Vi as a primary, while V 3 appears in the guise of □!/!, with a relative coefficient 
fixed by conformal symmetry. A nontrivial consistency condition will then arise from the 
requirement that the e —)■ 0 limit of the second OPE should agree with the first one. 

Let’s supply the details. It will be convenient to change the normalization of the free 4d 
scalar: 

^new ~ 27r(pold • (3-6) 

In the new normalization the two point function of (p is unit-normalized: 

(^(xMO)} = l/ix^ (3.7) 

Normalization of Vi can then be chosen so that 

(Ei(a;)I/i(0)) = (3.8) 


Axiom IP is satisfied. 

Our first task is to find a in Axiom III. By repeated differentiation of (3.8), we get: 

(□l/i(a:)ni/i(0)) = , (3.9) 

h = 16Ai(Ai + l)(Ai-5)(Ai +1-5) ^ 3271 (e < 1). (3.10) 

On the other hand we must have 

(I/ 3 (a;)I/ 3 ( 0 )) ^ ((, 93 (a;)v 93 ( 0 )) = Q/\xf . (3.11) 

Comparing the prefactors of the last two equations, we determine a up to a sign: 

a = 4a(7i/3)^/2^ a = ±1. (3.12) 

Later on, we will be able to fix the sign ambiguity and show that <7 = 1. 

Now, let’s consider the correlators of the form (3.4) and (3.5). It will be sufficient to 
analyze them in the region where the points Xi and X 2 are much closer to each other than 
to the other operator insertions, so that we can use the OPE. 
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We will not need the whole OPE, but only its leading part sensitive to the multiplet 
recombination. In the 4d free theory these are the ip and terms:® 

ip^ix) X (p-+i(0) D /|x|-2-{(p(0) + p|x|V(0)} . (3.13) 

The OPE coefficients are found by counting the number of independent Wick contractions:^® 

/ = (n + l)!, Q = n/2. (3.14) 

The needed terms in the OPE at the WE hxed point are: 

Vn{x) X 14 + 1 ( 0 ) D /Ia:I "^"+41 + + q2X^x''d^du + qsx'^a + .. .)Pi(0). (3.15) 

We will now consider the following two correlators in the free theory: 

{ip'^{x)ip'^+\0)ip{z)) and {ip^{x)ip'^+\0)ip%z)), (3.16) 

and the WE correlators 

{Vn{x)Vn+mVi{^)) and {I4(a;)I4+i(0)E3(4), (3.17) 

which have to tend to their counterparts in (3.16) for e —)■ 0. In the configuration |x| <C \z\ 
the leading behavior of the free correlators is found using the above OPE and is given by: 

{<p''(x)<p''*^(l))<p(z)) SS , (3.18) 

mxW‘*'(0)V^(z)) « . (3.19) 

Using the WE OPE, we also have the behavior of the WE correlators in the same conhgu- 
ration. For the hrst correlator we have 

(W(a:)I4+i(0)Ui(4) ^ />|^^-^"-^”+4^i(0)Ui(4). (3.20) 

This will match the free correlator ii f k. f for e —)• 0, and consequently / will be non¬ 
vanishing. The second correlator is more interesting. We have: 

{Vn{x)Vn+mV^{z)) 

X {1 + qixf^d^ + q2X^^x''d^d^ + q^x^U + .. .)(fo(0) 1 ^ 3 ( 2 ;)), (3.21) 

where the derivatives fall on the argument of 14(0) inside the two point function. The 
coefficients g* are hxed by conformal symmetry in terms of the dimensions of the involved 
operators. Their expressions are computed in appendix A and will be discussed below. 

We have to match (3.21) with the free correlator (3.19). First of all, notice that (3.19) 
predicts the subleading behavior 0{x^) with respect to (3.18). However, in (3.21) we see 

®A11 local operators in the free theory are assumed normal ordered. 

^°This involves some combinatorics. One may wonder if the calculation of these and similar constants 
below can be simplified using the conformal symmetry (or the higher spin symmetry) of the free scalar 
theory, but we have not explored this here. 



terms 0(1) as well as ~ and ~ x^Xy. For the matching to occur, all these offending 
terms have to vanish in the limit e —)■ 0. In fact, using Eqs. (2.13) and (3.12) we obtain: 


(ri(o)i/sW> 


4Ai(Ai — 6)a ^ 

U|2Ai+2 


(jAia/S^ 
U|2Ai+2 ’ 


(3.22) 


which goes to zero for e —)■ 0 as Therefore, the above-mentioned offending terms will 
go away as long as qi,q 2 remain finite in the e —)■ 0 limit. We will see below that this 
condition is indeed satisfied. 

On the other hand, to match the terms 0(x‘^), we must have that qs blows up in the 
e —)■ 0 limit at a rate which can be precisely determined. Namely, we must have:^^ 


q^^cn —y Q — 77./2 (e —y 0). (3.23) 

The rest of the argument will follow from Eqs. (3.12), (3.23) and the explicit expressions 
for the coefficient gs. 

As already mentioned, g* are fixed by conformal symmetry in terms of the dimensions 
of the involved operators. The full expressions will be given in appendix A. We have to 
consider separately two cases: 


(i) n= 1 and n ^ 4, 

(ii) n= 2 and n = 3. (3.24) 


In case (i), both operators in the LHS of the OPE, W and W+i, are primaries. In case (ii), 
one of them is the descendant V 3 . Since descendants transform under the conformal group 
differently from primaries, their OPE has to be derived separately. 

Let us begin by considering case (i). The coefficients g* are then given by Eqs. (A.3), 
where we have to put a = A„, b = A„+i, c = Ai. It’s easy to see that gi, g 2 remain 
nonsingular as e —)■ 0, in agreement with the above discussion. On the other hand, gs has a 
chance to become singular because of the c — 6 factor in the denominator. The asymptotic 
expression for q^ in this limit is given by: 


93 


In+l "Tn T 

I671 


( 6 « 1 ). 


(3.25) 


The numerator in this formula is at least 0(e). To have a singularity as e —)■ 0, the 71 in 
the denominator must be at least O(e^), i.e. 


1 / 1.1 = 0. (3.26) 

Let us assume for the moment that 71 is precisely O(e^), i.e. 

7i ~ 2 / 1 , 2 e^ , 2 / 1,2 7 ^ 0 . (3.27) 

^^The coefficient of also gets a contribution from the q 2 term in the OPE. This extra contribution can 
be ignored in Eq.(3.23) because, as mentioned, (72 will remain hnite for e —1 0, while 53 will blow up. 
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We will be able to justify this assumption later in this section. Substituting this asymptotics 
for 7 i into Eqs. (3.12),(3.25), we obtain: 


a ^ 4cr(2/i,2/3)^/^e, 

Q 3 ~ (l/n+1,1 - 2/n,l)/(16|/l,2e) . 

Using these expressions in (3.23) gives: 

yn+1,1 - yn,i = 2a{3yi^2Y^‘^n. 


(3.28) 

(3.29) 


(3.30) 


So far we have considered only case (i). We now turn to case (ii), which involves operator 
Vs on the LHS of the OPE. Operator V 3 is a descendant of Vi and its OPE can be worked 
out starting from the OPE of Vi. This computation is done in appendix A. The result for 
gs can be expressed in terms of Ai and the dimension of the third operator (V 2 or V 4 ). 
Substituting 71 1 / 1 , 26 ^, the result simplihes and we hnd (see Eqs. (A. 10),(A. 12) where 

was denoted gs): 

(1-2/2,i)/(162/i,2e) (u = 2), 

( 2 / 4.1 - l)/(16?/i,2e) (u = 3). 


Qs 


(3.31) 


Now, notice that 

2/3.1 = !, (3.32) 

which follows from yi^i = 0 and from the fact that A 3 — Ai = 2 (see (2.10)). Using this 
fact, we can restate Eqs. (3.31) as: 


qs ~ {yn+ 1,1 - 2/n.i)/(162/i.2e), {n = 2, 3). 


(3.33) 


Amazingly, this is the same equation as the one we found for n = 1 and u ^ 4 in Eq. (3.29). 
Thus we conclude that Eq. (3.29) is in fact true for all n ^ 1. 

This allows us to complete the computation. Eq. (3.30) was a consequence of (3.29) and 
we can now say that it’s true for all n ^ 1. Solving the recursion (3.30) with the initial 
condition yi i = 0, we hnd 

yn,i = Kn{n - 1), (3.34) 


where 


K = a{3yi,2f/\ 


(3.35) 


The coefficient K is determined by imposing that y^^i = 1, which gives K = 1/6. Using the 
relation (3.35) we hnd cr = +1 and 1 / 1,2 = 1/108. Eq. (3.3) has now been fully derived as 
promised. 

As a side remark, it’s reassuring that the value of the a coefficient implied by (3.28) can 
now be seen to agree with the proportionality coefficient g*/3! in the perturbative equation 
of motion (2.9), once the change in the held normalization (3.6) is taken into account. 

It remains to justify the assumption we made above that 1 / 1,2 fy 0. Consider Eq. (3.25) 
for n = 1: 

^3 ~ 72 /( 1671 ) = 1) • (3.36) 
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Since by Eq. (3.23) this must go as 1/a ~ 1 /a/^ for e —)■ 0, we conclude that 

71 ~ ( 72 )' • (3.37) 

Consider further the same coefficient for n = 2, whose asymptotics was given in appendix 
A, Eq. (A.9): 

gs ~ (e - 72)/(167i) (n = 2). (3.38) 

This also must go as 1/a ~ 1/ and hence 

7 i ~ (e - 72 )^ . (3.39) 

This equation can hold together with (3.37) only if 71 ~ e^, i.e. if 1 / 1,2 7 ^ 0. The derivation 
is now complete. 

Looking at the above computation, one can’t help but wonder why Eq. (3.29), initially 
derived for the all primary case (i), eventually turned out to be also true when one of the 
involved operators is V3, a descendant. An intuitive reason for why this happened is as 
follows. V3 is not just any descendant, but a descendant which is on the verge of becoming 
nulh^(it becomes null when 71 —)■ 0). It’s a fact familiar from 2d GET that the leading null 
descendant in a conformal multiplet behaves like a primary. 

One concrete relevant example of this phenomenon is as follows. Consider the correlator 
of three scalar primary operators A, B, C of dimensions a, b, c, which is hxed by conformal 
symmetry to have the form [84]: 

{A(x)B{v)C{z)) = /|x - - z\‘‘-'‘-‘. (3.40) 

Now apply Da, to this equation, to compute the correlator 

{uA{x)B{y)C{z)) . (3.41) 

Even though this is also a correlator of three scalars, for general a, 6 ,c it will not be of the 
form (3.40). This is not surprising since \^A is not a primary. However, let’s now consider 
the limit a ^ 6, which is precisely the limit when OA becomes null. It’s easy to check that 
in this limit (3.41) takes the form of (3.40) with a = 6 + 2 and / = {6 + b — c){6 + c — b)f. 

So, to summarize, the intuitive reason why Eq. (3.29) turns out to be valid also for 
n = 2, 3 is that V3, though not a primary, is almost null and is behaving almost like a 
primary. It may be possible to derive Eq. (3.29) for n = 2, 3 by quantifying the “almost” 
in the previous sentence. However, in our presentation we found it easier to do an explicit 
computation. 


4 Extensions 

We will now discuss a few simple extensions of the calculation from the previous section. 
The main idea is the same, so we will be brief. 

operator is called null if it has a zero two point function with itself. 
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4.1 Other primary scalars 

Up to now, we focussed on the scalar operators of the form (p". The crucial idea was to 
consider the OPE (p"" x which contains the operator (p. Here we will indicate how the 
same argument can be applied to other OPEs containing (p. 

So, let .4, be a scalar primary^^ operator in the free massless 4d scalar theory, and let B 
be the normal-ordered product of (p and A: 

B = :pA:. (4.1) 

Then B is also a primary, and the OPE of A and B contains We denote by g the 
relative coefficient of the operator in the same OPE: 

A{x) X i3(0) D [p{0) + (free, d = 4). (4.2) 

This is the counterpart of (3.13). We assume that / 7 ^ 0, while g may or may not be zero. 

We will denote by A'^, B", the operators at the WE hxed point which tend to A, B in 
the sense of Axiom IP. The counterpart of (3.15) will be: 

A^{x) X B^{0) D /|a:r[-^''-[®''+^i{Ui(0) + {q^a)x^V^{Q)] (WE, d = 4 - e). (4.3) 

We kept only the terms in this OPE that will play a role in the subsequent discussion. 

Repeating the argument of section 3, we can show that the coefficients of the subleading 
terms in (4.2) and (4.3) must match: 

gga ^ g (e 0) (4.4) 

On the other hand, we can determine ga using conformal symmetry. We will assume that 
operators 4.^, B'^ are primaries of the interacting CFT.^^ The is then given by Eq. (A.3). 
Its asymptotic behavior of q^ in the e —)■ 0 limit can then be written as: 

g3~([i3^]-[^1-Ai)/(167i). (4.5) 

Here, we kept the dependence on e only in the factors which have a chance to vanish for 
e —)■ 0. Comparing this equation with (4.4), we get a condition which relates the considered 
dimensions at 0 (e): 


[B^] - [A^] - 6 \d- 4 -e ~ = (2p/3) e -h O(e^). (4.6) 

This equation generalizes the recursion relation for the dimensions of the p"" operators from 
section 3. 

^^Recall that the primary operators, by definition, satisfy the condition = 0 , where is the 

special conformal transformation generator. 

^“^It can be shown generally that if the OPE of two scalar primaries contains y then one of them is the 
normal-ordered product of y with the other. We thank Balt van Rees for a discussion of this point. 

^®The only case when this does not happen is if one of them is V 3 . But then the other operator is 
necessarily V 2 or V 4 , and these cases were already treated in section 3. 
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The above discussion is meant to demonstrate that there is further potential for applying 
the recombination to constrain operator dimensions. We could continue by considering 
explicit examples of scalar primary operators containing derivatives. Unfortunately, even the 
simplest such operators are a bit awkward to work with (they have 4 (p’s and 4 derivatives). 
So we postpone full exploration of this topic to future work. 


4.2 Generalization to the 0{N) model 


We will now generalize to the 0{N) model. The fixed point for the 0{N) model is defined 
starting from the Lagrangian with N massless scalar helds (p“ in 4 — e dimensions and 
turning on the interaction = ((p^)^, which preserves the global 0{N) symmetry. 

The operators will form multiplets of the global symmery group. We will not attempt an 
exhaustive analysis, but will consider just two series of operators. 

Our hrst series will consist of, on the free theory side, operators 

( 4 . 7 ) 

The fixed point operators tending to them in the sense of Axiom II' will be denoted as 


and W 2 p, (4.8) 

with their respective anomalous dimensions 72 p+i and j 2 p- 

The W operators are primaries, except for which is a descendant of fUf: 

□ Wf = aWg" . (4.9) 

This relation is justihed similarly to Axiom III of the WF hxed point for N = 1. The 
discussion which led to Eq. (3.12) readily generalizes, and gives 

a = 4a [71/ (2 TAT)] 1/2 a = ±1. (4.10) 


Eq. (3.13) splits into two equations, depending whether n is even or odd: 

42p(x) X D Mx\-‘<‘{<S>H0)+p,,x^n(,0)} , 

‘I>2,+2(0) D /2p+i| 2:|-‘'-7<I>;(0) +P2,+ ii">I>^(0)} . 

We’ll normalize (p so that the two point function is ((p“(a;)(p^(0)) = 
normalization, the relative coefficients in the above OPEs are given by: 

_ 3p _ 3(2p +1) + N-1 

^ 2 + N ’ ^ 2(2 + N) ' 


(4.11) 

(4.12) 

In this 


(4.13) 


The overall coefficients are not needed below, but we give them for completeness: 


n+1 

fn = YluJk, W2p = 2p, W2p+l = 2p + N. (4.14) 

k=2 
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For N = 1 these formulas reduce to Eq. (3.14). 

Now repeating the steps which led to Eq. (3.30), we obtain: 

Vn+U - Hn.l = 4ct[(/V + ■ 


(4.15) 


Just as in section 3, this equation is valid also for n = 2,3 even though is not a primary. 
Summing the equations for n = 1 and n = 2, we get: 


2/3,1 - 2/1,1 = 4(T[(iV + 2 )i/i,2]^'^^(pi + P2) • 
On the other hand, just as in section 3, we know that 

2 / 1,1 = 0 , 2 / 3,1 = 1 • 


It follows that a = 1 and 


N + 2 
4(iV + 8)2 ■ 


Substituting this into (4.15), we obtain 


Vn+l,! Vn,! 


2{N + 2) 
iV + 8 


Qn • 


(4.16) 


(4.17) 

(4.18) 


(4.19) 


From here and (4.17), all the unknown 2/n,i’s can be found recursively. E.g., we get 


^ + 2 ,2 ^ 

2 / 2,1 - ^ g 1 2/4,1 - 2 . (4.20) 

These results as well as Eq. (4.18) agree with diagrammatic methods (see e.g. [78]). The 
general solution of (4.19) is 


2 /2p+l,l 


p{N + 2 + 6p) 
iV + 8 


2 /2p,l 


p[N + 2 + 6(p - 1)] 
N + S 


(4.21) 


in agreement with the diagrammatic result in Eq. (60) of [81]. 

The second series that we consider consists, on the free theory side, of the operators 


= [(y9“/ - iV-1 ^ (4.22) 

transforming as symmetric traceless 2-tensors. The relevant OPE sensitive to the multiplet 
recombination is 

^2p-i X ^ , (4.23) 

where F is the Clebsch-Gordan coefficient for the corresponding 0{N) representations: 

pc|ab|e _ gac^be ^ gbcgae _ (2/iV)J“^J“ . (4.24) 


The OPE coefficients are given by 

h 1 

^ 2p(2 + N) 


Y[2k{2k + N), 


Up 


k=l 


3p-2 
2 + N 


(4.25) 
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Notice that to determine Kp, the contribution of $3 has to be carefully disentangled from 
the contribution of the symmetric traceless 3-tensor operator 


if if if - 


2 + N 




(4.26) 


which has the same scaling dimension.^® Applying the usual argument to Eq. (4.23) gives 
a relation between 0(e) anomalous dimensions of the involved operators at the WF hxed 
point: 

ST _ 2(A^ -|- 2) 


l/2p,l 2/2p-l,l 


tvr 


N + 8 

In particular, for the anomalous dimension of $ 2 ^ we get 

ST ^ 

^2,1 = > 

which is a well-known result [ 86 ] , while for general p we get 

ST ^ NjP - 1) + 2p(3p - 2) 
y2p,i jY ^ g 


(4.27) 


(4.28) 


(4.29) 


5 History and prior work 

This project had a somewhat long gestation period, and several other people contributed 
to it at the initial stages. We would like to acknowledge their contributions here. 

The problem of determining the e-expansion series by CFT techniques is rather old. It 
was discussed already by Polyakov in 1974 [2]; a comparison to his results will be given 
below. 

This problem gained renewed attention at the “Back to the Bootstrap II” workshop 
(Perimeter Institute, June 2012), where the results of [87] were reported. Among other 
things, that paper analyzed boundary conformal bootstrap equations in 4 — e dimensions, 
for the conformal two point function (ff) in half-space with the Dirichlet or Neumann 
boundary conditions. In both cases, a one-parameter family of solutions of crossing symme¬ 
try constraints to 0(e) was found. All the solutions had 71 = O(e^), and to pick one uniquely 
within the family, 72 had to be provided by some other means, e.g. from perturbation theory. 

At the same workshop, one of us (S.R.) learned about the multiplet recombination 
phenomenon from Leonardo Rastelli and Balt van Rees. Shortly afterwards. Sheer El-Showk, 
Miguel Paulos, S.R. and David Simmons-Duffin found that multiplet recombination provides 
a constraint on the anomalous dimensions of Vi and V 2 - They looked at the conformal block 
of Vi appearing in the decomposition of the four point function (yi{xi)V 2 {x 2 )Vi{x^)V 2 {x 4 )), 
using the series representation from [54], Eq. (2.32). Demanding that this block reduce 
for e —)■ 0 to the sum of the f and blocks in the free theory, they arrived at a relation 

^®Further details on this point and on other aspects of our paper can be found in [85]. 
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identical to the n = 1 case of (3.30). Then, borrowing yi^i = 0, 1 / 2,1 = 1/3 from perturbation 
theory, they could determine ?/i, 2 . This computation was later written up as a problem for 
the 2013 Mathematica School on Theoretical Physics [ 88 , 89]. 

Compared to this previous work, our paper added two main ideas. First, we showed that 
the multiplet recombination can be exploited already at the level of three point functions, 
which is rather easier than to analyze the four point function and its conformal blocks. 
Second, we realized that one should study all x 93 "^+^ OPEs together. In particular, 
this links (p to in two steps. This eventually allowed us to determine all the unknown 
quantities without any input from perturbation theory. 

The pioneering computation of Polyakov [2], section 5, deserves a separate comment. 
He analyzed the 0{N) model four point function using CFT methods. The 

computation was done using not conformal blocks, but the “unitary blocks” which he 
introduced and which satisfy crossing symmetry but violate OPE by logarithmic terms. 
His consistency condition was that these OPE-offending terms must cancel. He analyzed 
this condition to 0(e). Assuming that the anomalous dimension of (p“ arises at O(e^), he 
was able to determine the 0 (e) anomalous dimensions of the operators <F 2 and appearing 
in the x OPE. We are not aware of any further work using Polyakov’s approach. It 
would be very interesting to understand it better and to explore its full potential. 


6 Open problems 

We will conclude by listing several related open problems, in the order of increasing difficulty. 

1. Our results should admit a generalization to the hxed point of the theory in 6 — e 
dimensions.^® 

2 . One should be able to extend our results to the theories with fermions, such as the 
UV hxed point of the Gross-Neveu model in 2 + e dimensions and the hxed point of the 
Yukawa model in 4 — e dimensions. These models are described by the Lagrangians 

£gn = + , ( 6 . 1 ) 

Cy + \(dp)"^ + yp(ij^/j) + gp^ ■ (6.2) 

The equations of motion imply that the multiplet of 'ip, short in the free theory, should 
recombine with that of ipl'ip'ip) in Gross-Neveu, and with that of xpp in Yukawa. It appears 
likely that this recombination can be used to constrain the leading anomalous dimensions. 
One should consider OPEs which, in the free theory limit, contain the held tp. 

3. Let’s come back to the WF hxed point, and discuss the recombinations for the higher 
spin currents, which we already mentioned in footnote 8 . The story goes as follows [91]. 

^^These unitary blocks are closely related, if not identical, to the Witten diagrams of AdS/CFT [90]. 
^®Note added: After this paper was submitted, Yu Nakayama informed us about his unpublished results 
in this direction. 
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The free scalar theory contains conserved currents of any even spin of the form^® 


= (p dn^ ■ ■ ■ — traces. 


(6.3) 


All these operators are primaries in the free theory. The I = 2 case corresponds to the stress 
tensor, which remains conserved also at the WF hxed point, and so keeps its canonical 
dimension d. It is a well-known fact that all of the I > 2 currents acquire anomalous 
dimensions at the second order in e [92]: 
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(0 



6 \ 

UjTTjJ'Ei''' 


(6.4) 


As a consequence, they are not conserved at the WF hxed point.Since current conservation 
is a shortening condition for its conformal multiplet, we conclude that the multiplets { 
short in the free theory, should become long in the interacting theory. They can do this 
only by eating a multiplet of another primary, which must have an appropriate dimension 
and spin to match the quantum numbers of d- Thus, in analogy to Eq. (2.11), we must 
have 

~ + {J^’' ^^}free , (6.5) 

where j6-i) must be a primary operator of spin (/ — 1) and dimension 


Aj = Aj + 1 = l + 3. 


( 6 . 6 ) 


Interestingly, one can show that for / = 2, the free theory contains no primaries of spin 1 and 
dimension 5, and thus recombination (6.5) is impossible [91], [88, 89]. In other words, the 
stress tensor multiplet must remain short, i.e. conserved, also in the interacting theory. This 
provides a CFT proof why the WF hxed point must necessarily have an exactly conserved 
stress tensor operator. On the other hand, for higher spins, one does hnd candidates for the 
operator J with the right quantum numbers. 

To summarize, we know from perturbation theory and from the Coleman-Mandula-like 
theorem [93, 94] that the recombination must occur for I > 2. We also know that the 
free theory contains primaries with the right quantum numbers for this to happen. In 
analogy with section 3, one should be able to use this recombination to reproduce the O(e^) 
anomalous dimensions of the spin I currents, Eq. (6.4). This is an open problem worth 
attacking. The challenge is to hnd OPEs sensitive to this recombination. For example, the 
OPE Lf X Lf does not seem useful, as in the free theory it contains j6) ^ot J. 

4. Finally, it would be extremely interesting and important to hnd a CFT way to 
compute higher order terms in the e-expansion. We don’t have any concrete proposal for 

the free 0{N) model for iV > 1 there are also odd spin conserved currents, of the same form as (6.3) 
where the two y’s carry antisymmetrized 0{N) indices. 

^°This is in agreement with the recent Coleman-Mandula-like theorem [93, 94], which forbids the existence 
of conserved higher-spin currents in interacting higher-dimensional CFTs. The theorem has been proven in 
d = 3,4, but presumably holds for any dimensions d> 2, integer or not. 

^^This computation was carried out in [91],[88, 89] but only for a few low spins, and it would be interesting 
to prove this for all 1. 
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how this can be achieved. Analysis of three point fnnctions will certainly not snffice for 
this task, and one will have to consider the fnll-fledged bootstrap at the fonr point fnnction 

level. 

Clearly, the OPE coefficients will also get corrections when one moves to 4—e dimensions. 
In this paper we were not sensitive to these corrections; e.g. in section 3 all we conld say 
is that /// —>■ 1 as e —)■ 0. Bnt they will come into play when higher order corrections to 
the operator dimensions are considered. Notice that corrections to the OPE coefficients are 
hard to compnte from pertnrbation theory, and almost nothing is known abont them.^^ 
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A Conformal OPE 

In this appendix we will stndy the structnre of the conformal OPE (3.15). We will have to 
consider two cases (i) and (ii) defined in Eq. (3.24). 

Consider first case (i) when all three operators Vn, W+i, W are primaries. To simplify 
the notation, let’s consider three scalar primary operators M, i3, C of dimensions a, 6, c, so 
that we are dealing with the OPE: 

A(x) X B(0) D + 52 + q^x^o + .. .]C(0) (A.l) 

= f\xr‘-'’P(x,ay)C{y)\y^. 

The differential operator P incorporates abstractly all terms in the OPE. The overall OPE 
coefficient / depends on the CFT, bnt the differential operator P is nniversal. It depends 
only on the transformation properties of the operators nnder the conformal gronp. 

An all-order integral representation for the operator P was given in [99], Eq. (2.1). For 
onr pnrposes, we need the expansion of P np to the second order in x shown in (A.l). 
This can be worked ont simply as follows. Conformal symmetry implies the well-known 
fnnctional form of the three point fnnction (3.40). On the other hand, the same correlation 

^^The O(e^) correction to the central charge was computed in [95-98]. See section IV of [75] for a summary. 
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function can be computed using the OPE as: 

fP{x-y,dy){C{y)C{z)), {C{y)C{z)) = \y - z\~‘^P (A. 2 ) 

Expanding (3.40) in the limit \x — y\ \x — z\ and matching order by order to (A.2) we 
can find all coefficients in P. The three coefficients of interest to us are: 

gi = (c + a - 6 )/( 2 c), 

<l 2 = {c + a - h){c + a - h + 2 )/[ 8 c(c + 1 )], 

^3 = —(c + a — 6 )(c — a + 6)/[16c(c + l)(c — (5)], 5 = d/2 — 1. (A.3) 

One interesting and crucial for us difference between these coefficients is that qi and q 2 
remain hnite in the limit c ^ 6, while gs has a hrst order pole.^^ Substituting a = A„, 
b = A„+i, c = Ai, and taking the leading term in the e —)■ 0 limit, the expression for q^ 
reduces to (3.25). 

We now turn to case (ii), when one of the two operators Vn, W+i is the descendant V 3 . 
Continuing the abstract treatment, we will study the OPE: 

DA{x) X B{0) = + qi x^dy + q2 x^x'^d^d^ + gs + .. .]C(0). (A.4) 

In practice we will have ^ = C = Vi but let’s keep it general for the moment. The relative 

OPE coefficients g* can be obtained by simply applying to both sides of (A.l). We 

obtain: 

a + b — c — d 

*?! = —rw- 1 I y 

Cl 0 — c — d 2 

a + b — c — d — 2 

Q2 = —-w-, 

Cl b — c — d 2 

{a + b — c — d){a + b — c — 2 )q 3 + 2 q 2 
{a + b — c){a + b — c — d + 2) 

We will now use these equations to analyze directly the two sub-cases of case (ii): 

(a) n = 2. We have the OPE V 2 x V 3 D lA. The order of the operators does not matter 
for the computation of the singular part of gs as long as gi, g 2 remain nonsingular. Thus we 
can apply the above result for 

□w X lA 3 w. (A. 8 ) 

We substitute a = c = Ai = 5 - 1 - 71 , 6 = A 2 -|- 72 , d = A — e into the above formulas. We 
will only need to consider the case when 71 is higher order in e than 72 . In this case we hnd 
that gi,g 2 are indeed nonsingular, while the leading asymptotics for q^ takes the form: 

gs Ri (e - 72)/(167 i) . (A.9) 

If we further specialize to 72 ~ l/ 2 ,ie, 71 ~ we get 

^3 ~ (1 - 2/2,i)/(16gi,2e). (A.IO) 

2 ^This patterns continues in higher orders: terms with at least one □ have a first-order pole for c —> 5, 
while terms without □ remain finite. This follows from the mentioned all-order representation of P [99]. 


(A.5) 

(A. 6 ) 

(A.7) 
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(b) n = 3. We have the OPE V 3 x V 4 D Vi. We can apply directly the above result for 


□w X 1/4 D W- (A.ll) 

We substitute a = c = Ai = 5 + 71, 6 = A 4 + 74, 74 2 / 4 , 7 i ~ 2/1,2^^ into the above 

formulas. We hud that qi,q 2 are nonsingular, while 

gs ~ (2/4,1 - l)/(162/i,2e). (A. 12 ) 
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